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The ionization of atoms in strong low frequency fields leads to rich structure in the low-energy part of the photo-electron spectrum. These structures, dubbed 'low-energy structures' (LES) [1, 2] and 'very low energy structures' (VLES) [3, 4] , can contain about 50% of all electrons, and have recently been joined by a 'near-zero energy structures' (NZES) [5] [6] [7] [8] , opening interesting windows into the dynamics of electrons at the boundaries between classical and quantum dynamics.
The LES are peaks in the spectrum at constant longitudinal momentum, and they have been conclusively assigned to so-called soft recollisions [9, 10] , in which the electron returns to the neighbourhood of its parent ion with a low or zero velocity. The VLES is a v-shaped pattern [4, 5, 7] caused by related mechanisms [11, 12] , and has been tied with the LES as a single unified series of peaks [8] [9] [10] whose energies scale linearly with the field's ponderomotive energyU p [13] [14] [15] .
The NZES is a peak in the spectrum at much lower energies [5] [6] [7] [8] , experimentally consistent with zero kinetic energy for the photoelectron, and it is less well understood. One proposed mechanism is that low-energy electrons are trapped in Rydberg states at the end of the pulse [16, 17] , and are subsequently ionized by the extraction fields of the detection apparatus [8, 18] .
Here we propose a kinematic origin for the NZES that is exactly analogous to that responsible for the LES, and which places them at very small but positive energies [19] . We show that the soft recollisions that produce the LES series have a second branch at much lower energies and with a different scaling with the laser wavelength, intensity, and the ionization potential, I p , of the target. For current experimental parameters the energies of this series are below the experimental resolution, so they appear consistent with zero energy. However, the particular scaling of this series, as I U p p 2 , suggests that experiments with targets that have a higher I p can lift this series to higher energies, where they can be resolved and identified.
In contrast, the energies of the structures associated with ionization by the weak extraction field of the detection apparatus should scale differently. In particular, the NZES yield would increase with stronger extraction fields, which should not affect direct-ionization mechanisms. This difference enables experimental testing of both pathways.
In the simplest model of tunnel ionization, an oscillating laser field w = t F t F z cos ( )ˆ( ) removes electrons by tilting the potential landscape around the atom to create a barrier that they can tunnel through. The electrons are then born near the peak of the field with zero velocity at the tunnel exit = z F I p exit , and they propagate on classical trajectories driven by the laser field, oscillating with amplitude
around the uniform drift motion, until the pulse is over. (We use atomic units unless otherwise noted.) Within this model, the electron can approach the ion with near zero velocity in two dynamically different ways, depending on which side of the oscillation it does so, as shown in figure 1 .
The LES are associated with trajectories with a soft recollision on a 'backwards' turning point [9, 10, 15] , at times w p
) , shown dashed in figure 1 . These trajectories must advance by two quiver radii plus the tunnel exit over a fixed number of laser periods, which means that their drift momentum must scale as
The energy is then a constant multiple of
is the Keldysh adiabaticity parameter. The tunnel exit contribution is the likely cause of the small observed deviations from this scaling [13] [14] [15] , as confirmed by recent measurements [20] . This provides a look at the role of the tunnel exit in strong-field dynamics, analogous to similar corrections in the cutoff energies in highorder harmonic generation (HHG) [21] and high-order abovethreshold ionization (ATI) [22, 23] .
The 'forwards' turning points, on the other hand, are rather different. For a trajectory to recollide at zero velocity at times w p » t k 2 , the drift momentum must only advance the electron by one tunnel exit over k periods:
The energy scaling is now opposite to U p , asẼ I U p p 2 , and for current experimental parameters this energy is very small. For instance, for argon in a 3.1 μm field of intensity 10 14 W cm −2 , as in [6] , the highest 'forwards' momentum is » p 0.02 z sr a.u., corrsponding to an energy of 8 meV. This is consistent with the observed momentum spread of the NZES, and it is just below the current state of the art in detector momentum resolution.
This series appears to have remained undetected because the extent of the tunnelling barrier is generally much smaller than the quiver radius, so it is often neglected. However, in contrast to the 'backwards' series, and the HHG and ATI cutoff corrections, the tunnel-exit term for the 'forwards' series is a correction on zero, and it is now the leading term. As such, this series provides a more direct look at the tunnel exit, if it can be resolved.
Unfortunately, the scaling as g E I p 2 of the 'forwards' series is rather unfavourable: on the one hand, it is desirable to maximize the energy of the series to bring it within reach of current detectors, but on the other it is necessary to make γ as small as possible to remain within the optical-tunnelling regime where the trajectory picture holds [8] . The role of this mechanism in the NZES, then, is best probed with experiments on high-I p targets such as He or + He . As a partial reprieve, the higher intensities required to ionize these targets allow one to reach the low-γ regime at shorter wavelengths without incurring ionization saturation.
A slightly more formal treatment of the classical trajectories also permits both types of recollisions to be treated under a unified formalism. To do this one requires that both the position and the velocity of a classical trajectory [9] vanish, so . These momenta, shown in figure 2, reduce to (1) and (2) in the limit of g  1.
Going beyond the simple man's model, it is indeed possible to reproduce the NZES within semiclassical analytical theories; specifically, within the analytical R-matrix (ARM) theory of photoionization [24] [25] [26] [27] [28] [29] . That formalism provides a first-principles basis for the inclusion of the Coulomb interaction of the photoelectron with the ion within a quantum-orbits framework [30, 31] . The ARM ionization amplitude is of the form 
is the Coulomb potential of the ion [19] . The effect of the ion is included at the level of the continuum wavefunction by using eikonal-Volkov solutions away from the molecule, and this modifies the standard results of the strong field approximation (SFA) by the inclusion of the phase
. Within this framework, the imaginary part of the Coulomb action directly impacts the ionization amplitude, and its effect is magnified near a soft recollision as the electron spends a longer time in the neighbourhood of the ion. As shown in detail in [19] , the soft recollision itself is associated with a sharp cliff in the ionization amplitude: the quantum Coulomb correction turns from enhancement at < p p z z sr | | to suppression at > p p z z sr | | , as a consequence of topological changes in the Coulomb potential's landscape and the resulting trajectory. At the precise momentum of the soft recollision, the ARM theory is likely to be at the edge of its domain of validity, but the change from ionization enhancement to suppression is likely to remain after the recollision is fully taken into account.
The resulting ARM ionization amplitude is characterized by a sharp cusp over the transverse momentump , which is strictly localized in longitudinal momentum to momenta < p p z z sr | | below the (corrected) soft recollision, as depicted in figure 3 . This effect can be seen in the experimental spectra of [6] , which show a Coulomb-focusing cusp [32] that is much more pronounced in the region of the NZES, sticking out of a Gaussian background.
As pointed out above, the key feature of the NZES is its scaling behavior. Figure 4 shows the quantum predictions based on the ARM approach, which closely follow the classical model.
Several mechanisms have been put forward to translate between a 'soft' approach to the ion and a peak in the photoelectron spectrum near that energy. Within the ARM theory, as well as analogous theories such as the Coulombcorrected SFA (CCSFA) [33] [34] [35] , the ionization enhancement comes about through a large imaginary action in a quantumorbit formalism where time or the trajectory may be complexvalued. 'Improved' SFA models, which account for a single rescattering event [36] [37] [38] [39] , also reproduce the LES peaks, with large amplitudes fuelled by the divergent Coulomb NZES structure in the photoelectron spectrum as calculated in [19] using analytical R-matrix techniques, for the experimental parameters of [6] (argon in a 3.1 μm field at 10 14 W cm −2 ). The increased time spent near the ion causes a cusp-shaped ionization enhancement that disappears abruptly as the enhancement briefly turns to suppression. (The dip, however, will likely be washed out in experiments.) Figure 4 . Dependence of the ARM ionization amplitude with γ, as calculated in [19] . The colour scale displays the ionization yield, in arbitrary units, coming from a single half-cycle for argon in a field of intensity 9×10 13 W cm −2 as the wavelength is varied. The transverse momentum is chosen so that the electron misses the core by a small but constant amount. The cusps of figure 3 appear as sharp drops in the yield, and these follow closely the scaling curves of figure 2, shown as dots for visibility. scattering cross-section. On another track, Monte Carlo classical simulations [14, 15, 40, 41] also reproduce the structure, where it appears as a result of dynamical focusing around the soft recollisions [9] .
Nevertheless, it is important to point out that, whatever the mechanism is, the physics that ties the LES to the 'backwards' soft-recollision trajectories shown dashed in figure 1 should also be expected to do the same to the 'forwards' series, in the NZES energy range. In addition, a careful analysis of the different mechanisms at play in the LES shows that the Coulomb potential is crucial to bring out the feature, but that it is already embedded in the simple man's model [38] , which also puts the 'forwards' trajectories in the NZES energy range.
The effect of the Coulomb potential is also expected to affect the trajectory, by slowing the electron down as it leaves the atom, and this should be expected to shift the soft-recollision energies from the laser-driven positions as we have calculated them. As such, assessing the strength of this effect requires evaluation within frameworks such as CCSFA [33] [34] [35] which explicitly include the change in the trajectory, but in principle both effects should be present.
Similarly, if the pulse is short then its length, shape, and carrier-envelope phase will have a strong effect on the softrecollision energies [10] , separating the contributions from different periods and moving the LES and the NZES peaks as we have described them by potentially large shifts. The use of shape-and CEP-controlled short pulses to investigate these low-energy dynamical structures is a promising avenue which should resolve most of the open questions on the structures, but that amount of pulse-shape control in this intensity and wavelength range is still inaccessible to current sources. For the CEP-averaged sources in use, the effect of the pulse shape should average out to a result close to that for the monochromatic fields we consider.
On the other hand, the role of the extraction field F ext in liberating Rydberg electrons should also be clarified, and it is possible that both the extraction-field and the kinematic mechanisms operate in tandem. Recent calculations [18] show that changes in the extraction field should indeed shift the peak, with support from experiments.
In addition to this effect, increases in the extraction field should also increase the yield of the structure: the Rydberg population density is expected to be constant at the small negative energies the small extraction field~» -F 1 Vcm ext 1 -10 10 a.u. can probe [16, 17] . A larger field can probe a larger Rydberg energy range, and therefore expose a larger population. This effect, as yet unobserved, warrants further theoretical and experimental study, to clarify the contribution of the extraction field to the NZES.
The kinematic mechanism discussed here can similarly be probed by experiments, by testing the NZES's scaling with respect to intensity, wavelength, and ionization potential. In practice, this requires a hard target with a high I p and a strong field, to bring the 'forwards' series to higher energies where they can be resolved while keeping γ low.
As an example, experiments with helium at an intensity of´-3 10 W cm 14 2 can keep g = 0.83 at a wavelength of 800 nm, and bring the 'forwards' soft-recollision momentum up to » p 0.07 z sr a.u., for an energy of 68 meV. Ideally, experiments could use the helium ion, for which » p 0.11 z sr a.u. (0.16 eV) at 2.5 × 10 15 W cm −2 and 400 nm, at the low γ of 0.43.
Such experiments are within the reach of current experimental capabilities, and they can explore the regimes where the NZES separates itself from zero. In addition, the 'forwards' soft-recollision trajectories explored here should also be present in streaking-based experiments [42] , and they have a bearing on other low-energy ionization phenomena [43, 44] in this regime.
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